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AERONAUTIC SYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS

Metric English
Symbol .
Unit Abbrevia- Unit Abbreviation

Length. _____ l meter_ ... ____.____._... m foot (ormile) . . .._..__ ft (or mi)

Time..._..._ ¢ second _ _ . _.___________ 8 second (or hour)__._._.. sec¢ (or hr)

Foree._______ F weight of 1 kilogram._.__ kg weight of 1 pound_____ b

Power_______ P horsepower (metrie) . ____|__________ horsepower. . _________ hp

§ v {kilometem per hour..__._ kph miles per hour________ mph

peed ... meters per second.______ mps feet per second_______. fps
2. GENERAL SYMBOLS
Weight=mg v Kinematic viscosity
Standard acceleration of gravity =9.80665 m/s* p Density (mass per unit volume)
or 32.1740 ft/sec? Standard density of dry air, 0.12497 kg-m~*-s? at 15° C

Mass— |14 and 760 mm; or 0.002378 1b-ft~* sec?

Specific weight of “standard” air, 1.2255 kg/m® or
Moment of inertia=mk? (Indicate axis of 0.07651 lb/cu ft
radius of gyration & by proper subscript.)
Coefficient of viscosity

3. AERODYNAMIC SYMBOLS

Area Y Angle of setting of wings (relative to thrust line)
Area of wing e Angle of stabilizer setting (relative to thrust
Gap line)
Span Q Resultant moment
Chord Q Resultant angular velocity

2
Aspect ratio, % R Reynolds number, p %l where [ is a linear dimen-
True air speed sion (e.g., for an airfoil of 1.0 ft chord, 100

mph, standard pressure at 15° C, the corre-
sponding Reynolds number is 935,400; or for
an airfoil of 1.0 m chord, 100 mps, the corre-
sponding Reynolds number is 6,865,000)

. 1 ...
Dynamic pressure, 5oV?

Lift, absolute coefficient €= élfq

. D « Angle of attack
D bsolute coefficient Cp="5
T8, ADSOILe €08 N € Angle of downwash
. D, , ownwast o
Profile drag, absolute coefficient Cvgr_—é.s‘” ag :;Ngie 0£ ﬂfzaﬂt, }nfimmlaSDCCt ratio
ay Angle of attack, inducec
Induced drag, absolute coefficient Coi:'q% % Af;gflto of }\tptfw)k, absolute (measured from zero-
ift position
. . D ;
Parasite drag, absolute coefficient (' = q§ Y Flight-path angle

2

Cross-wind foree, ahsolute coefficient (= P
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EQUATIONS FOR THE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES

By I. Irving PINkKEL

SUMMARY

Fquations are presented for obtaining the wall coordinates
of two-dimensional supersonic wnozzles.  The equations are
based on the application of the method of characteristics to
irrotational flow of perfect gases in channels.  Curees and
tables are included for obtaining the parameters required by
the equations for the wall coordinates.

A brief diseussion of characteristies as applied to nozzle
dexign is given to assist in understanding and using the nozzle-
design method of this report. A sample design is shown.

INTRODUCTION

A supersonic nozzle is used to transform parallel flow at
sonie veloeity into parallel, uniform flow at a supersonie
Mach number.  The conventional two-dimensional super-
sonic nozzle consists of the following four main parts arranged
in the direction of flow (fig. 1):

(1) A subsonic mlet converging in the direction of flow

(2) A throat in which the streamlines are parallel to the

nozzle axis and sonic veloeity of the compressible
flow 1s reached

(3) An expanding part with constant or inereasing angle
of inchination of the nozzle wall to the axis of the
nozzle, in which the flow aceelerates to supersonie
speeds

(4) A straightening part of inercasing area of cross section
in the direction of flow but decreasing angle of in-

- Throot

Subsonic TR
G part—=
|

nlet

1

= Lxpancing par?

= ‘%~S fraghternn

Fioere Lo - Parts of conventional supersonic nozzle.

clination of the wall to the nozzle axis; in this part,
the flow is turned parallel to the nozzle axts with
the desired final Mach number uniform aeross the
exit seetion.
In a properly designed nozzle, there are no compression or
expansion waves in the flow downstream of the straightening
portion. A streamline crossing such waves would be altered
in direction and Mach number, which is generally undesir-
able.

The method of characteristics provides a means for ob-
taining the properties of a fluid moving at supersonie speed
past solid surfaces. A particular application of the method
of characteristies permits the solution of the inverse problem
of obtaining the profile of the solid boundary that would
create a desired supersonie flow,

Graphical methods for designing two-dimensional nozzles
by the method of characteristies, for example, are reviewed
in reference 1. Graphical methods employing characteristies
for obtaining nozzles free from waves in the final flow, how-
ever, are tedious and subjecet to the error inherent in con-
struction involving the plotting of many consccutive lines.

The application of the method of characteristics to the
analyvtical design of two-dimensional supersonic nozzles was
completed at the NACA Cleveland laboratory in February
1947, Analvtical expressions are obtained for the wall con-
tours of the supersonic part of the two-dimensional nozzle.
An analytical expression for the straightening part of two-
dimensional nozzles, in which source flow is considered to
exist in the expanding part, has been derived by Kuno
Foelsch of North American Aviation, Ine., but no method
is given for ereating such source flow. In order to present
a complete discussion of two-dimensional nozzle design, the
design of nozzle-wall contour for producing source flow in the
expanding part of the nozzle and the design of the com-
plementary straightening part are presented. A less com-
plete treatment of this problem from a different point of
view has been given by A O. L. Atkin in a British report.

A working knowledge of the method of characteristies is
desirable in order to understand and use the nozzle-design
method.  For this reason, the form of the method of charac-
teristies most convenient for discussing the method of nozzle
design considered is given in an appendix. A summary of
the design equations and a sample nozzle design are included.

1
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METHOD OF ANALYSIS

1t will be demonstrated that when source flow is created
entirely across the nozzle channel at any section, adjacent
areas of the flow also have the properties of source flow.
On this basis, analytical expressions are derived for the
nozzle-wall coordinates required to cereate a specitied source
flow in the expanding part of the nozzle and to turn that
flow into a uniform stream parallel to the nozzle axis in the
straightening part with the desired Mach number.  Only
irrotational flows are considered in this analysis. The total
temperature and the total pressure are constant throughout
the tlow. The flow adjacent to the nozzle walls is assumed
to follow the wall contour at all times.

PROPERTIES OF SOURCE FLOW

In most conventional supersonic nozzles, source flow is
approximated at the end of the expanding part of the nozzle.
Because of the simple mathematical rvelations governing
source flow, it is desirable to speeify that perfect source flow
exists at the end of the expanding part of the nozzle to
obtain analytical expressions of simple form for the nozzle-
wall coordinates.

The essential properties of two-dimensional source flow are
illustrated in figure 2. In (he supersonie part (solid lines),

Steagh f

streamimes -y

S

Section where M=1--

Circular arcs of censtont
AMach riumber concentric
with gppoarent source .
or streamioaes - - - S

FiGUrE 2.- -Rouree flow,

streamlines are straight and appear to diverge from the
apparent upstream source O, All stream tubes with the
same inchuded angle 8 between bounding streamlines carry
the same mass flow. From one-dimensional supersonic-flow
theory, which applies to this type of flow because the flow is
uniform on circular evlindrical surfaces concentric with the
apparent source, the Mach number at points a distance r
(fig. 2) from the apparent source is given by the following
expression:

v+i

2y=1)

1

A, e 1 2 .
A e T, y+1 = 1)
9
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where A, s the flow area per unit depth normal to the
stroambines at a distance » from the souree and A, is the
corresponding flow arca at M=1. (For convenience, all
symbols are defined in appendix A.) The parameter r is the
distanee from the apparent source to the are at which the
Mach number is unity, corresponding to the location of
apparent throat of the source flow. The area of cross
seetion normal to the flow at which M=1 is

"1 1= 201/:41:"1

or
L 4)11
,l—ﬁggnmr
Equation (1) then becomes
y+1
—1 R 2(y—1)
14+ M
r— /1] 1 & (1 )
o 20mar x‘[, 7+1 2
9

EXPANSION WAVES AND CHARACTERISTICS

According to the discussion in appendix B, changes in
flow direcetion and Mach number in diverging channels are
produced by a system of expansion waves originating at the
channel walls. The change in flow direction due to an
expansion wave from one channel wall is constant along
Mach lines directed downstream of their point of contact
with the channel wall where the wave originates.  In the
absence of expansion waves from the second wall, these
Mach lines are straight and all the flow experiences the
same change in direction and Mach number between the
same two Mach lines in the expansion wave. If the flow
enters the channel with uniform direction and Mach number,
the flow direction and the Mach number are constant for
the entire flow along these straight Mach lines in the expan-
sion wave. The Mach number and the flow direction are
the same as that of the flow moving adjacent to the channel
wall at the point of contact with the Muaeh line. A number
can be assigned to the Mach line that is equal to an expan-
sive angular turn about a corner in a wall, bounding the
flow, required to convert a sonic flow (M=1) to the same
Muach number as that along the Mach line, according to
the well-known Prandtl-Meyer theory (reference 2). Mach
lines 8o numbered are called characteristics.  The charae-
teristies originating at the upper wall of the nozzle (fig. 3)
ate designated by (W) and from the lower wall by (¥ ).
Each point in the flow is crossed by a () and a (¥_) char-
acteristic corresponding to the two Mach lines through
every point in a supersonic flow.  The value of (¥4) assighed
to a characteristic represents the counterclockwise angular
turning that would he experienced by the streamline coming
from the left between the region where the flow is uniform
with a Mach number of unity and the (¥,) characteristie
in the absence of the system of expansion waves designated
by the (¥.) characteristies.  Similarly, the value of the
(V) characteristie represents the clockwise turning experi-
enced by a streamline from the left between the region
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F1GURE 3. —Schemnatic representation of characteristies in supersonic nozzle.

where the Mach number is unity and the (¥_) characteristic
in the absence of the system of expansion waves designated
by the (¥;) characteristics. The counterclockwise angular
turning produced by the expansion wave between two char-
acteristies of the (W) set, designated (W), and (¥y),, is
(¥ )o— (W), Likewise, (W.);— (W_), represents the clock-
wise turning of the flow produced by an expansion wave of
the (W_) set.  In appendix B, it is also shown that turning
the flow in either the clockwise or counterclockwise direction
due to the expansion waves from the nozzle walls is accom-
panied by an increase of the cross section of the flow tubes
with a consequent inerease in supersonic-flow Mach number.
The deviation of the flow produced by the waves correspond-
ing to one set of characteristics occurs independently of the
presence of the wave of the other set. The combined effect
of overlapping expansion waves of the (¥) and (¥_) sets,
as shown in zone 11 of figure 4, is obtained by adding the
effect of the two sets of expansion waves considered sepa-
rately. The total Prandtl-Meyer turning angle ¥ assigned
to a point F (fig. 4) is the sum of the (W) and (W_) charac-
teristies through the point F. If A is the Mach number of
the flow at F, then from referenee 1 or 2

\“41112— 1

N —tan~! yAME—1 (2)

V=) + (¥ )= tan™!

FraUrE 4,--Charaeteristies in expansion part of nozzle,

Also, the total counterclockwise angular deviation of the
flow between the direction where the Nach number is unity
and the point F is equal to

6=(¥,)—(¥.) (2u)

If the values of (W4) and (¥-) are known at all points in
{he irrotational flow, the flow is completely specified beeause
equations (2) and (2a) give the flow Mach number and
direction at any point.

In the nozzles considered, the throat section is followed
by a part that produces a uniform flow parallel to the axis
at secetion -1’ (fig. 3) at a Mach number A, greater than
unity.  Methods for creating this uniform flow with the
required value of M, are discussed elsewhere herein.  The
nozzle walls at section |-1” are parallel to the nozzle axis.
The first expansion wave emanating from the upper wall
due to the counterclockwise turning of the wall at point |
is bounded upstream by the (W4) characteristic, making

! . | .
the Mach angle B, (vquul to sin™! A/ ) with the uniform flow
vy

of Mach number A, Similarly, the first expansion wave
emanating from the lower wall due to the clockwise turning
of the lower wall at 17 is bounded upstream by the (¥_)
characteristic, making the Mach angle 8; with the uniform
flow AM,.

The flow in the nozzle between section |17 and the down-
stream characteristies through | and 7 is uniform and has
the Mach number A, beeause this space is not traversed by
waves from either wall. In this zone the value of ¥ is
constant and is designated ¥y, corresponding to M, (equa-
tion (2)). Because the flow is uniform and parallel to the
axis at all points in this zone, from equation (2a)

’

f=0= (‘I’+)14 (‘1’—)1' (3)
and from equation (2)

W= (V) + (W) p=200),=2(¥) (3a)
The downstream characteristies through the points I and 17
therefore have a value

()= ()= )

Because of the axial symmetry of the flow produced by sim-
ilar upper and lower nozzle walls, the characteristies through
| and I” (fig. 4) arrive at the opposite walls at corresponding
points E” and E, respectively. At any point. B (fig. 4) on
the upper wall upstream of E, the wall makes an angle «
with the nozzle axis. Between the points | and B, the
streamlines moving along the wall will be turned counter-
clockwise through an angle .  The value of the (¥4) char-
acteristic through B is therefore

(W 5= (V) a= ' +a (41)
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and the value of the (¥-) characteristic through B” (fig. 4) is

SR PR (4D)

Between the upper nozzle wall and the characteristic through
I” (zone I, fig. 4), the (W) characteristics are straight lines
beeause the expansion waves from the upper wall are not
crossed by any waves from the lower wall,  (See appendix B.)
Likewise, in zone IT the (¥2) characteristies are straight for
corresponding reasons.  In zone I expansion waves from
the upper and lower walls overlap and the characteristices
are curved.

The complete wave pattern for nozzles of the tyvpe con-
sidered 1s schematically shown in figure 3. The first expan-
sion waves to leave the nozzle wall at points | and 17 are
bounded upstream by the (), and (¥_),. characteristies,
respectively.  Beceause of the symmetry of the nozzle, these
charaeteristios arrive at corresponding points £/ and E on
the opposite walls,  Therefore, between points | and E no
expansion waves are incident upon the nozzle walls,  In the
straight-walled part between sections E-E7 and S-S’ expan-
ston waves are emitted having strength equal to the incident
waves from the opposite wall.  In order that no expansion
waves be emitted from the portion of the wall between S and
N (straightening part), the wall in this part of the nozzle
1s curved toward the nozzle axis. The curvature of the nozzle
wall is the same as that assumed by the streamline moving
along the wall under the influence of the incident expansion
waves from the opposite wall.  (See appendix B.)  No
waves are emitted by the wall between points S and N,
therefore, and zones IV and V oare traversed by one set of
expansion waves whose characteristics are straight.

SOURCE FLOW IN NOZZLES

The nozzle-design method considered in this report is based
upon establishing source flow at circular-are section E-E’
(fig. ). At this section the inelination of the wall to the axis
has an assigned value ag and the assigned Mach number of
the flow is M. The choice of the values of ap and M, at
section E-E7 1s considered m the seetion “ Design of complete
nozzle.” 1t will first be shown that if source flow exists at
section E-E7 it exists evervwhere in zone HIE. The flow
between points in zone 11 is then related by equation (1a).
This fact, together with the faucet that the eharacteristies in
zones I and 11 are straight, is the basis for establishing an
analytical expression for the nozzle-wall contour producing
the stipulated source flow at section E-E7,

The point of intersection of the straight line tangent to the
nozzle wall at seetion E-E” (fig. 4) and the nozzle axis repre-
sents the location O of the apparent source ereating the source
flow through section E-E’. At all puints on section E-E’, the
Muach number is constant. At a point on section E-E’
where the flow makes the angle @ with the axis, the following
relations from equations (2) and (2a) apply:

V- (W) + (P )= Xtan

M- , ,
-ty ;\ —tan~'y A1 ()

where A=y (v i D/(y—1D
g-—- (\l;+) _ (\[/7) (v‘-):i)

At a point F on section E-E7 through which the flow makes
the angle 8 with the axis, from equations (5) and (5a),

V-0 .
(W)= F.z (6)

and
w7’ (6)

Inasmuely as source flow exists on section E-E7, § is known
at every point on the section and the complete system of
characteristies can be specified on the section.

The flow in the neighborhood of point F on section E-E’
at which source flow is considered to be established is shown
in detail in figure 5. It will be demonstrated that at point
G, a distance dr from F toward the apparent source along
the streamhine through F, the streamline has the same direce-
tion as at . Morcover, on the eircular-are section through

Sectjon E-E'

Fravre 5. Scheniatie representation of flow in neighborhood of seetion E £7,

QG concentrie with O, the Mach number is constant.  Be-
cause the Mach number is constant on section E-E’, from
equation (5), or (6) and (6a),

o(¥ ) oW ) .
20 T o8 ()
holds for all points on section E-E'. The (¥,) and (W)
characteristies GJ and GH make the Mach angle 8 with the

streamline through point F, so that the length of ares HF
and FJ are equal according to the equation

rdfy=HF =dr tan g=FJ—rdf, (7)
Therefore
d8,—d8, (Ta)

(\Ig)(,.:[(q@),, a(g’ﬁ'*> (191]—[(\1/,)F—; 0(59‘)(102]

(W) _Jowwy: O(¥.)
= (V) s wqp[ v Mﬁ—oac&]

At point G

bo— (‘I’+) ¢

(7h)
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From equations (6b) and (7a)

o( ) 77_0('\1’,)
- o (16]* o0 ([03
B=(¥ )p— (¥ _)p=10p (8)

The streamline through G therefore has the same direction
as the streamline through F.  Also, from cquations (2) and
(6b) and the expressions for (¥,)g and (¥_)g used in equa-
tion (7b), there is obtained

Vo= (‘I’+)G+ (¥ o= (‘1’+)1-+ W) e+ 0(3’8_) —a(§’9+):| d8,
=WV,+2 D%I,(;) d#, 9)

From equation (7)

dal:fif tan 3
and
(W) dr

o)
Vo=W¥,+-2 o0

tan B8 (9a)

But from equation (6b)

d(¥,) (W) _d[(¥)—(¥I)]_d0_ _,0(¥)
o8 o] of o0 T 08
(9b)
From equations (9a) and (9b)
Vo Vp=—d¥= —{g tan 8
and
d¥ _tan
dr— r (10)

This expression is independent of 8. Therefore, beeause tan g
is constant on scction E-E’, on ares a constant distance dr
from section E-E’ the value of d¥ is constant. The circular-
arc seetion QG is therefore also a section on which source
flow exists. A repetition of the developments just deseribed
would establish that source flow exists in zones adjacent to
cireular are QG.

In this way, source flow can be shown to exist in zone 111
(fig. 6) to the left of section E-E’.  In the upper half of the
nozzle, source flow is limited to the zone (zone 111) between
seetion E-E/ and the (¥2); characteristic through the
nozzle wall at point E.  (See fig. 4.) At all points in this
zone, both (¥,) and (¥_) characteristics belong to the
system of characteristics giving source flow at section E-E7.

parolle/
1o oxss;

M>1

Nozzle oxis

FI1GURE 6.—Relation of nozzle-wall coordinates to coordinates of characteristics.

At a point K outside this zone, the (W) characteristic is not
part of the system of characteristies that is associated with
the source flow speeified for section E-E7 and the source flow
does not include point K.

The existencee of the zone of source flow (zone 111 (fig. 6)
can be shown by physical reasoning as well.  1f the flow
through the nozzle were reversed, the supersonie flow being
from the test section to the throat, and if source flow existed
at seetion E-E’, then the expansion wave from the wall at
point E would be bounded upstream by the (W_); charac-
teristic through E. The influence of the change of wall
contour at E would be effective in the flow downstream of
this characteristic.  Between seetion E-E7 and the (V)
characteristie, no change from source flow would oceur.

COORDINATES OF WALL CONTOUR OF EXPANSION PART OF NOZZLE

The coordinates of the nozzle walls X, V' that produce
source flow at scetion E-E’ are obtained in the following
development:

The origin of the coordinates is taken as the apparent
source (fig. 6) and X and ¥ are taken parallel and normal to
the axis of the symmetrical nozzle, respectively.  The co-
ordinates of points on the characteristies will be designated
.

According to figure 6, the equation of any (¥_); charac-
teristic in zone I1 is given as

r=r cos 0 (11)
y=rsin f (11a)
where
y—1 WJrl)
—lypYee—t
LAt M (11b)
2o, M v+1
2
from equation (1a).  From equation (2a)
= (¥.) — (V)= (¥ )+ (¥ )z—2(V )z
=X\ tan~' " “[khw] —tan W M2I—1—2(¥),
=¥—2(¥ )y (11¢)

The justification for substituting /1, for /1, and ag for 8,,, in
equation (1a) to obtain equation (11h) is based on the follow-
ing considerations: The mass flow across scction E-E7 is
the same as the mass {low through the nozzle throat, where
M=1. If source flow actually existed for all the flow up-
stream of section E-E7, the flow would be contained hetween
straight lines OE and OE’ (fig. 4), which make the angle ag
with the axis. At the hypothetical section ry (fig. 2), where
M =1 in source flow, the density and the flow velocity would
be the same as the corresponding values for the nozzle throat.
Beeause the mass flow is the same across the (1, section and
the nozzle throat, the flow area must be the same in both
Cases:
A=A ,=2agr,

In particular, for the (¥ ), characteristic bounding zone
111 (fig. H
6:‘1/—2(\1/_)1'
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From cquation (4)

\
(‘l’—)l’:: 2,
and from equation (11¢)
9=V —v, (11d)

and 7 is given by equation (11b).

The nozzle-wall coordinates of the expanding part can
now be directly obtained from the following argument:
Because zone I contains expansion waves from only the
upper wall, a characteristic such as UV (fig. 6) in zone T
is straight and the flow at every point on the line has the
same Mach number and flow direction 8. (See appendix
B.)  The flow lines crossing each characteristic at any point

) oo
in zone I make the same angle B=sin™' ; . with the charac-
& M

teristic. Source flow exists on circular are VW concentrie with
O and the Mach number is constant for all points on the are.
Point V is common to the are VW and the Mach line UV and,
inasmuch as there are no discontinuities in the flow, the
Mach number is constant along the line UVW. Because
the flow is considered to have constant total pressure and
total temperature, the properties of the fluid, such as density,
static pressure, static temperature, and flow speed, are con-
stant along line UVW.  The continuity condition for steady
flow requires that the mass flow be the same across section
E-E' and UVW. If source flow did exist in the entire
wedge-shaped zone between the nozzle axis and the straight
line OE, the Mach number of the flow across are TV concen-
tric with O would be the same as actually exists along VW
or UV. The mass flow that crosses Mach line UV would
cross are TV with the same density and velocity.  The area
[ sin 8 normal to the flow crossing Mach line UV must there-
fore be equal to the area normal to the assumed source flow
crossing TV. As TV is the are normal to the direction of
the assumed source flow,

I sin B=r(ag—~0) (12)
. . 1
By means of the relation sin 8= A

I=Mr (ag—0) (12a)

If X, Y and =, y are taken as the wall coordinates and the
coordinates of the (¥.)p characteristic, respectively, then
from figure 6

X=u—{cos (8—6)=r cos §—Mr(ag—6) cos (8—6) (13)
Y=y+!{sin (B—8 =r sin 8+ Mr (ag—6) sin (8—60) (13a)

Negative values of X are possible.

All terms in equations (13) and (13a) are functions of M.
These funetions, taken from equations (11b) and (11d), are
listed here for convenience:

1 !
y—1 .\~
Y I+, M
“2(151‘[ 'Y+l

9

P

r

afe_ 1 ‘ )
==X tan~' M1 —tan™' A MP—1—W,

A
:\[l_\]/I
. 1
N -1
B=sm M
Values for
1 7+1
y—1 4, \2-D
(%) e MY,
r A ) M v+1 n
2
and
§4+ ¥, =¥=»x tan~! “‘M)\_ —tan~! M?—1

are given in table I, column 4 and column 3, respectively.
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Firavre 7. Straightening part of nozzle.

The values of M used in equations (13) and (13a) range
from M, to Mg, The method of selecting ay will be discussed
in connection with over-all nozzle-design considerations.
The values of M; and M, depend on the choice of a in a
manner to be discussed subsequently.

Once source flow is established at section E-E” by nozzle
walls shaped according to equations (13) and (13a), the
source flow across the complete channel continues down-
stream of section E-E’ as long as the nozzle walls are straight
and have the inclination ap with the nozzle axis. Down-
stream of section S-S7; the end of the straight-walled part
(fig. 7), the source-flow zone extends from the axis to the
(¥4)s characteristic in the upper half of the nozzle and the
(¥_)s characteristic in the lower half of the nozzle. The
proof of this fact is similar to that given previously for the
zone immediately upstream of section E-E’ (fig. 5).
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YALUE OF ¥,

If the uniform parallel flow across section 1-17 (fig. 4) were
at a Mach number of unity, both limiting Mach lines, or
characteristies, I’E and TE” would leave their respective noz-
zle walls with direction normal to the nozzle axis and would
arrive at the opposite wall without displacement downstream.
In this case the length of the expanding section of the nozzle
would be zero.

The minimum value of ¥, required to obtain a length of
nozzle sufficient to permit an assigned value of ay at section
E-E’ is obtained from the physical requirement that the
value of M must always increase with inereasing value of
X, the nozzle-wall coordinate given in equation (13). The
minimum value of Af,, corresponding to the minimum value
of ¥,, (equation (2)) is obtained from

L (Mp—1ye

060, (14)

for y=1.400.
appendix C,

The development of this equation is given in
Values of M, less than those given by equa-

. . . o.X | .
tion (14) give negative values of AL the neighborhood of

section -1, A plot of equation (14) is given in figure 8.

The highest value ag can have (fig. 8) is about 31°, corre-
sponding to a value of M,=2. Source flow cannot be pro-
duced in nozzles with eg greater than 31°.  The correspond-
mg values of ¥, given by equation (14) lie between O and
V¥, corresponding to Af,=2. The values of ¥, plotted in
figure 8 are minimum values.  Over-all design considerations
or case of computation may suggest values of ¥, greater than
these minimum values. If a higher value is chosen for
¥,, the corresponding value of @z required to obtain the
desired value of 34, is computed in a manner to be considered
in the section “Design of Complete Nozzle.”?

WALL CONTOUR OF STRAIGHTENING PART OF NOZZLE

The straightening part of the nozzles considered converts
a supersonic source flow into a uniform flow parallel to the
nozzle axis. Consider a supersonie source flow at circular-
are section S-S’ concentric with apparent source (fig. 7).
Circular-are section S-S’ may be coincident with section
E-E’ or may be a section downstream of section E-E7.  If it
is downstream, source flow exists across the entire straight-
walled channel of the nozzle between sections E-E and S-57.
Beeause the nozzle-wall curvature between points S and N
will influence the flow only downstream of the forward Mach
line through point S ((¥1)s characteristic), the source flow
ends at the (¥4)s characteristic upstream of point F.

The straightening part of the nozzle is designed on the
principle that the wall contour is shaped to conform to the
curvature of the streamline adjacent to the wall that is
turned by the incident expansion wave from the opposite
wall.  No emission of either expansion or compression waves
occurs from the wall so shaped. This point is discussed in

P]
=
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appendix B, The (W4 )g characteristic therefore represents
the downstream limit of all expansion waves emanating from
the upper nozzle wall.  The zone enclosed by the lines join-
ing the points SFN contains waves that originate at the lower
nozzle wall only. The (¥_) characteristics in this zone are
therefore straight.  (See appendix B.)

The equation of the Iimiting characteristic (W4.)g is obtained
by making use of the fact that source flow exists in the
adjacent area upstream of the (¥.)s characteristic. If z
and y are the coordinates parallel and normal to the nozzle
axis, respectively, of the (Vi) characteristic with the origin
taken at the apparent source, then

=7 CO8 ¢
(15)

where r is given as a funetion of A7 by equation (11h). By
the same reasoning used to obtain cquation (11d), 8 Is
obtained as
O= (¥ )s— (W) =—[(¥ s+ (TI)]+2(V)s=2(¥ )s— ¥
L NME—1
A

y=rsin 6

—=2(¥,)s— A tan +tan 'y M2—1 (16)
The values of M range from Mg to M, The value of
(¥+)s is obtained from the observation that a streamline
along the nozzle axis arriving at point F (fig. 7) will have
crossed all expansion waves emanating from both walls
and will therefore be at the final flow Mach number Af,
corresponding to a total turning angle W, Because the
inclination of the flow to the axis is zero at point F, values
of (V) and (W¥_) of the characteristics through point F
are related by the equation

0=V )p— (¥.)r=0
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Morcover, the (V) and (V) characteristies through F are
the Hmiting characteristies (W2 and (¥ )e, respectively;
therefore

(W)= (W )= (P D)o = (V¥ )p

Because ina syimmetrieal nozzle (W)g= (¥ )y, and
Vpe— (W )p A (W ) p—=2(W ) =20V )4

N\
(W=

(16a)

From the fact that the flow through point Fis at the final Mach
number M, V=¥, and equation (16) can then be written

. \"L‘[2~1

=V¥,— V¥ =¥,—\ tan N

+tan~'{MI—1 (16b)
where A has values boetween Mg and M, The value of
Ms corresponds by cquation (2) to Wy (W e (W)
Beeause the flow direction at point S makes the angle ap
with the nozzle axis (fig. 7)

g (P

Oy
Therefore, from cquation (16a)

V=2V ) s—ag=V¥,— g (16¢)

The coordinates X, Y of the nozzle wall for the straighten-
ing part are obtained in & manner similar to those for the
expatuding section. A characteristic (such as GH in zone 1V
(fig. 7)), included in area SEN is straight and the Maeh num-
ber 1s constant along the chavacteristic.  (See appendix B.)
Subsequently, the flow direction, pressure, temperature,
and veloeity are constant along such characteristies.  Along
the circular are GD, flow and the Mach
number, pressure, and temperature ave constant.  Only the
flow direction varies along GD.  As point G is common to
GH and are GD, the physical properties of the fluid and the
flow speed along GD are the same as along GH. The area
of flow normal to the streamlines along HGD is

sourcee exists

A—rg+Isin g an

If source flow had existed downstream of section 5-57, as
it would have if the nozzle walls had continued downstream
straight through S, then the mass flow aeross are BGD would
have the same value as aeross HGD. The fluid would also have
had the same pressure, temperature, density, and flow Mach
number as actually exists on are GD, which does support
flow. The area normal to the flow across BGD
would therefore he the same as for the flow that does cross
HGD and from equation (17)

souree

rog—ro-HI sin g

As sin 8- )\1[

[ Mr(ap—8) (17h)

Therefore, if .\, Y and », y are the nozzle-wall coordinates of
the straightening part and the (V) charneteristic, respee-
tively, then

!
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XN=r+1lcos (8-F8)=r cos 0+ Mr(ay—8) cos (0] 8) (I8)

Y=y-+1lsim (04-8)=r sin 6+ Mr{ax—86) sin (8-+8) (18a)
The values of r are obtained from equation (11b) and are
tabulated in table I, column 4. The value of 8 is obtained
from ¥,—8 (given in table T, column 3) corresponding to the
value of M for which the point (X, 1) (equations (18) and
{18a)) is being obtained.  The value of ¥, corresponding to
M, the final Mach number of the nozzle, is also obtained
from table I, column 3. The value of 3 {o be used in
equations (18) and (18a) ranges from M to M,

DESIGN OF COMPLETE NOZZLE

Supersonic nozzles are generally specified in terms of the
cross—sectional area of final uniform flow A, and the final
Mach number M, The nozzle-throat area is obtained by
the one-dimensional-flow equation

1
y—1 2, 20y—1)
Ay 7]+ o Ms
A"[ 7;‘[] ’)”+1
2

for which values are tabulated in table I, column 4.

NOZZLE WITHOUT STRAIGHT-WALLED PART

The shortest nozzles that may be designed by the method
reported are those without a straight-walled part between
seetions E-E7 and S-S’. The straightening part immedi-
ately follows the expanding part.  For a given value of A/,
and given final Mach number 47, the value of ap is fixed
by the following consideration: Because ap is the angle
through which the nozzle wall turns between section [-17
and section E-E7 (fig. 3), then

W) e— (W) =ag (19)
By equation (1)
Y

ap= (V) p— 2!

(19a)

The value of (W) remains constant at (W), downstream
of the (), characteristic because no additional waves are
emitted from the upper wall of the shortest nozzle (fig. 9).
The value of (V-) likewise remains constant at (- )y
downstream of the (¥ ), characteristic. At the end of
the nozzle, where the flow is parallel to the nozzle axis with
a uniform Mach number M,

=0 (W) p— (V) o

W= (W) gt (W) =200 ) = 20 ) (19h)
From cquation (19a), therefore
A —
an="r (19¢)
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Limiting eharacteristies in nozzle without straight-walled part,

Fravee 9.

The angle ey is always less than one-half the equivalent
turning angle ¥, required to obtain the final Mach number
Al

Considerations of nozzle construction or flow stability may
suggest a desirable value of @z, Then Y is given by equa-
tion (19¢) for a nozzle of given final Mach number A7,
The value of ay chosen must correspond to a value of ¥,
by equation (19¢) that is cqual to or greater than the mini-
mum ¥, computed by equation (14) for the same value of
ag.  (See fig. 8) A small saving in length of nozzle is
made if a value of ag and the corresponding value of ¥, are
obtained from the simultancous solution of equations (14)
and (19¢).  These values are given in a plot of a, and the
corresponding minimum value of ¥, required is given in
figure 10 for a range of values of A, from 1 to 10.  In the
high range of values of final Mach number A, ¥, exceeds
ag. I large values of ¥, are undesirable, lower values may
be used in conjunction with a straight-walled part of the
nozzle as discussed in the next section.

NOZZLE WITH STRAIGHT-WALLED PARTS

If nozzles are desired having known values of ax and ¥,
less than those given by equations (14) and (19¢) (fig. 10),
then a straight-walled portion of the nozzle is required
downstream of section E-E7 to obtain the desired value of
M, The length of the required straight-walled part is
obtained as follows: According to equation (11b), which
applies to source flow, the axial distance between civcular-
are sections E-E7 and $-57 is

The values of A, and My are obtained from the correspond-
ing values of ¥, and ¥y evaluated in the following manner:

The expression for ¥, is obtained from equations (4) and
{4a) and figure 4 as

% A 4 ,
‘l/lglf (‘1’})1«;’*’ (‘l’,) rr= _)!+(Y,.; +‘ A)’ W g (2“21)
From equation (16¢)
V=V ,— oy, : (20h)

The values of vy, and ¥ from equations (20a) and (20b)
provide by means of table I, columns 1 and 3, the corres-
ponding value of M, and M required in equation (20).
The values of r¢ and r, likewise can be obtained from table T,
column 4. The only theoretical condition on the choice of

g =
gie,
N
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Alinfmum initial turning angle ¥ and muaxitnum wall-expansion angle ag.
=140
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Frovee 10,

W, and ap is that W, shall not be less than the value given
by equation (14) (fig. 8) for the value of ap chosen (less
than 31°),

DESIGN OF INITIAL EXPANSION PART

Exact nozzle-wall contours for converting a uniform flow at
Much number unity to a uniform supersonice flow at Mach
number Af; ean be obtained by shaping the nozzle walls to
conform to the streamlines corresponding to the turning of
a sonie flow about a corner according to Prandtl-Meyer
theory.  (Complete nozzles built according to this method
have excessive length for high final Mach numbers.  This
length is undesirable if thick boundary layers on the nozzle
walls are to be avoided.)

A | v+1
2(y—1) — O\ 2(y—D
! Y AR T
— - R
M, v+1 (20)
2
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Four applicutions of the use of the solution for the turn
about a corner to obtain the wall coordinate of the initial
expansion part are illustrated in figuee 11, In figure 11 (a)
is shown the subsonice entrance part, the nozzle throat, the
initinl expansion part, and the expanding part of the nozzle.
The lower wall of the initial expansion part is a sharp corner
at C with an angle cqual to ¥;. The upper wall has the
contour of a streamline of the flow around the sharp corner.
In figure 11 (b) is illustrated the same type of initial expan-
sion part in which the sharp corner at C of figure 11 (a) is
replaced by a streamdine of the flow around the sharp corner.
In the arrangements of both figures 11 (1) and 11 (b), the
axis of the subsonic entrance makes the angle ¥, with the
axis of the supersonic part of the nozzle. The axis of the
subsonic inlet can be made parallel to, but offset from, the
axis of the supersonic part of the nozzle by producing the
initial expansion of the flow by means of a counterclockwise
and clockwise turning of the flow about a corner at the upper
wall (point Cy, fig. 11 (¢)) and the lower wall (point C,) cach
of angle W, /2. As in the case shown in figure 11 (h), the

Wall contour same as streomiine of
Frandti-iMeyer turn gbout corner C
with turning aongle ¥p---

Nozzle
JXIS

L-Sharp furn o wall
of ungle ¥

ia) -Subsorme entrance part

Wa// contour same as streamiine of
Erundati-Meyer turn about corner C

at aistance be + Fhroat wiaTh

from C-, B

Ag

Norzile axis

£
\ . “irection of ax/s of supersonic

cart of norzie

“- Wil conrour 1S o streamiine of
| Frandti-Meyer *urer gbout corner
: C at dstonce by from C
\
(b) C-Direction of axis of subsonic entrance
(1) Turn about one corner on lower wall,

() Upper and lower wail with contour of Prandtl-Meyer turn about corner.

FioURE 11, Methads of designing initial expansion part of nozzie.
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r-Streambne For furn
ubout corner Cp

- Sﬁ’*a/gh?‘ wall -

-Streambinte tor Turn
2hout corner G

/
secton--=

t-Axis of subsonic inlet paralie! to
but disploced from nozzle axis

Double throat --.

~-Streomhne for turn
about C and C'
(supersonic)

Boundary layer -
suction chonnel ~._

Porous plug- -~

(d)
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resuitant expansion wave

from C' after its intersection
with wave from G -

Y
z

L-Wall curved in occordance ™,
with resultant expansion
wave from C ofter its

(e} intersection with wave from C'

(1 Initinl expansion produced by corner at cach wall.
(d) Initial expunsion involving use of piug.

(e} Initial expansion produced by short nozzle at throat.

FiUre 11, Concluded.  Methods of designing initial expunsion part of nozzle.
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corners at C, and C, can be replaced by streamlines. The
arrangement illustrated in figure 11 (d) uses a plug whose
contours downstream of the throat are shaped to conform
to streamlines for the flow around the corners C and C’ on
the upper and lower walls, respectively.  The turning angle
at C and C’ is ¥, degrees. The initial expansion of the flow
ig, in effect, accomplished by two separate initial expansion
parts in parallel.  The axis of the subsonic entrance is in
line with the axis of the supersonic part of the nozzle.

An alternative form of the arrangement of figure 11 (d) is
shown in figure 11 (¢). No plug is required in this initial
expansion part. The expansion waves arising at the turns
at C and C’ are intercepted without further remission by the
opposite walls. As all the streamlines cross the expansion
waves from both the upper and lower wall, the turning
angles at C and C’ are ¥,/2. The wall contours of the
arrangement shown in figure 11 (¢) are not streamlines of a
Prandtl-Meyer turn about a corner but must be obtained by
the standard graphical method to be discussed.

The expressions for the coordinates of the wall contour in
which the initial turning of the flow is produced are now

.- Final-flow direction

Streamnine

Werli contour (smooth turn)

Wall contour (sharp corner)

FiGUrE 12.—Two-dimcensiona) supersonic flow about corner.

obtained. In figure 12 is shown the supersonic flow about
the corner of a two-dimensional wall in a supersonic flow of
infinite extent. According to Prandtl-Meyer theory, the
Mach number of the flow is constant along radial lines from
the corner and all flow lines crossing a given radial line are
parallel at the radial line. For a flow line a distance d,
from the corner C, along a radial line, the total flow area
normal to the flow, A, 1s o, sin 8. From the geometrieal
relation shown in figure 12, the coordinates of a given stream-
Iine (wall coordinates) are

X =d, cos (B+¥,—V¥) 21

Y,=d, sin (B4, —¥) (21a)

1 1<M<AM,). The value of d; is obtained

1
art
from the one-dimensional flow relation

where g=sin~

843754 —49—-3

gesy
d, y—1 5 \20D
Ag_dising M1 [ M
A= dy, dTM Y1
2
y+1
. 2(y—1)
1+ e\
di=do| -~ (21b)
vl

When the short wall of the initial expansion part is a sharp
corner, then d, is equal to the width of the nozzle throat. If
both walls in the Initial turning portion of the nozzle are to
conformn to streamlines as illustrated in figure 11 (b), the
throat width is given by dy—b,.  The coordinates of the long
wall are given by equations (21) and (21a) and of the short
wall by the same equation with & and b, substituted for o;
and d,, respectively, in equations (21), (21a), and (21h).
The values of d/d, are given in table I, column 5.

When the initial expansion to 3f; 1s accomplished in two
steps, as shown in figure 11 (¢), the coordinates of the walls
of the first part are given by equations (21) and (21a) with
¥, replaced by ¥;/2. The coordinates of the wall of the
second section about point C, are obtained from the geomet-
ric relations illustrated in figure 13. The angle hetween
the flow direction at R and at G, where the flow direction is
parallel to the nozzle walls, is ¥,—¥. If D is a point on the
wall opposite to the location of corner C, and o, 1s the
variable length C,D, then the coordinates of the wall are

Xo=d; cos (B+¥;— V) (22)
Y,=d,; sin (3+¥,—¥) (22a)

The coordinate axes at C, are turned at an angle ¥,;/2
with respect to the axes at C,.  The value of M ranges from
M, to M,, where M, corresponds to ¥,/2, or

¥,
2

<¥ <Y,

! ~Oirection of fiow at G
corresponding to total
! tfurrning ¥

L...-Direction of filew ot R
corresponding to totol
turning ¥

FiGuRre 13.- Double initial turn, sharp corners.
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Moreover,
441
—1 J\ 20—
1+ e
da=d, 7;1 (22b)
2
(from equation (21b)).  Values of dy/dy, shown as d/d,, are

given in table 1, column 5. Point C; can be coineident with
point B (fig. 1:3).

If the coordinates of the walls with smooth turns (fig. 14)
are desired in place of the sharp turns at C, and C,, they
are obtained as before with by, .. and b, substituted for o,
., and oy, respectively, in equations (21) to (22a). The
nozzle-thront width ix then o, —b,.

When a plug is used in the initial expansion part of the
nozzle, as in figure ), cach wall has a turn equal to
¥,; each turn influences the flow between the corresponding
wall and the plug.  The coordinates of the plug (fig. 11 (d))
downstream of the throat are given by equations (21) and
(21a). in which o, is now the distance from the wall to the
plug at the throat seetion CB. Smooth turns can be sub-
stituted for the corners at C by the method diseussed in
connection with fignre 11 (h). Boundary-layer development
on the plug may produce an undesirable wake.  This condi-
tion may be alleviated by the boundaryv-laver-removal ar-
rangements illusteated m figure 11 (d).

A graphical method for obtaining wall contours for the
itial expansion corresponding to the configuration shown
in figure 11(e) is illustrated in figure 15, The system of
(W) and OF2) charneteristies emanating from the corners C
and C7 e curved in zone 1 to account for the effect of one

Fravre 11 Double initinl turn, smooth turns,

set of expansion waves on the other in accordance with the
discussion of appendix B, In zones 11 und I, the char-
acteristies are straight because the nozzle walls are curved
to prevent emission of waves downstream of points C and C’.
Beeause all expansion waves from C and C’ remain upstream
of the (W) and (¥2) characteristies equal to ¥, /2, (¥.) is
constant evervwhere i zone 1L at a value of ¥, /2. In
zone 1L, (W ) is likewise constant everywhere at ¥,/2.  If
M, represents the Mach number of the flow at seetion |-17

~Subsonic injet

/ ¥, A ) (F)s l,f"Secf/on I-1'

~Throot scc tior

Fravre i System of charueteriatios for initial expansion part.

(fig. 15), then the width of the nozzle at section 1-17 1s ob-
tatned from the one-dimensional supersonie-flow relation

741
—1 L\ -1
o [T, M .
dy M, y--1 (23)
2
Values of the right side of equation (23) are given in table
I, column 4.
Beeause the change in wall contour between points B and
G (fig. 15) is made to conform to the ecurvature of the
adjacent streamlines produced by the ineident expansion
waves, the change in wall angle o between B and G on the
upper wall (zone IT), is

Aa=A0=0—03=(V ) —

; N4
or, because (¥, )¢= (¥ )n = 2!’

(T )e— (T )pi-(¥)p

*._\a — (‘1’_) felnnn (‘I’—)B (23&)
Similarly, on the lower wall (zone 111),
—Aa'——' (‘l/ { )[1_ ("I’,;.)./ (23}))

Beginning the graphical layout of the walls from section
I-17, which has the ecalenlated width e, in the manner
shown at the lower wall (fig. 15), is advisable.  This pro-
cedure insures that the ratio of the arca at section 1-17 to
the throut section is correct and gives the desired value of
M,. The line HJ 18 drawn, making the angle Aa with the
nozzle axis as determined by equation (23b). The line JK
is drawn likewise, making the angle Aa with line HJ as
determined from equation (23b) with K and J substituted
for J and H, respectively.  The polygon obtained by the
method just described is replaced by a smooth curve through
the vertices of the polygon.
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System of eharacteristies for sharp-cornered throat.

Maximum Mach nummher, 1LY1G,

(A 23.5- hy 13.3-in, print of this chart ix available on request frotn NACA )

The system of characteristies for zone T of the initial
expansion part of nozzles having values of Af; up to 1.536,
which corresponds to an initial turning angle of 13°, is
reproduced in figure 16. The zone I characteristies for an
initial expansion part of equivalent angle ¥, are obtained
by selecting all (W) and (W) characteristies having values
equal to and less than ¥, /2. The zone 11 characteristies
are obtained by continuing the set of (W) characteristies
as straight lines in the direction of the tangent to the charac-
teristics at their point of intersection with the (W) charac-
teristic equal to ¥, /2. The zone IIL characteristies are
obtained by continuing the set of (W) characteristics as
straight lines in the direetion of the tangents to the character-
istics at their interseetion points with the (W.) character-
istic equal to ¥,/2. A plot stmilar to that given in figure 15
resultz. Beeouse the wall contour s determined by the
zone 11 and zone T1I characteristies, the zone 1 character-
isties need not be plotted.  From zone | is obtained the
direction and the coordinates of the zone 11 and zone 111
characteristics at the point of contact with the limiting
(W) and (F2) characteristies equal to W, 20 The direction
and the coordinates of the characteristies can be obtained
from the coordinate system given in figure 16, Tracings
from figure 16 will be inaceurate beeause of the distortion
of the tigure during reproduction.  The system of character-
istics is given for a nozzle having a throat width of 24 inches.

The coordinates of the characteristies for nozzles having a
different throat width £, are obtained by multiplying all
coordinates given in figure 16 by ,/24. The slopes of the

characteristics remain unaltered.
ESTIMATION OF NOZZLE LENGTH

The length of the supersonic part of the nozzle (fig. 17) is

L=X,—X,+L, (24)
As X, is the coordinate of the downstream end of the nozzle
where M is equal to M, its value is given by equation (18)

with 8==0
N,y (V4 May cos B)) (24a)

- G F- v olled N
Iritial fX,C‘w’JNU'//Zg i Straight-w lled port

- furning —== port

Stroghienig port =

s

Po L

 Nerzile aws |

X
L o

s — e

"-Apporeﬁf Source

FIGURE 17, -Dezicnation of lengths of nozzle parts.
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where r;and 8, are obtained from table T with A/=37,. The
value of .Y, given by equation (13), corresponds to the
coordinate of section [-17 where M equals A, and =0

X, -1 (1 —May cos ) (24b)
Negative values of Xy are possible.

The length of the initial expansion part L, (measured
along the nozzle wall) is generally less than 10 percent of the
total length of the nozzle. The following approximate ex-
pressions for L. will in general sullice:

1. For one turn about a corner (fig. 11 (a)),

L.=d, tan {=d, tan (90°+¥,—B,)

.Iaezd‘) cot (6,_\1/]) (24C)

where ¥; is obtained from table 1 for A7=11,.
2. For two turns in suceession about a corner at cach wall

(fig. 11 (), .
) L\
Le=d, tan ¢-fw, tan £=d, tan (90°+ ./ —8,) +

w, tan (90°—B)) =d, cot (6,L—‘I;’)—I—u‘, cot 8; (24d)

where 8,=sin™! ‘\11 »and M, corresponds to ¥;/2 from tableI1.

3. For the nozzle with the plug (fig. 11 (d)), the value of
L,1s 0.

4. For the short nozzle at the throat (fig. 11 (e)), the axial
length of the corresponding initial expansion part is approx-
imately

Lezdﬂ_ﬁu’ cot 8;

“

(24e)

REMARKS ON APPLICATION OF DESIGN METHOD

Mathematical expressions for the wall coordinates of
supersonic nozzles in which source flow 1s developed are

valid for values of ag equal to or less than 31°. The assump-
tion that the flow follows the nozzle wall for values of ag
up to 31° must be verified by experiment. The use of sharp
corners at the initial expansion part must be checked as well.
Until this check is made, az may well be restricted to known
sufe values and smooth turns used instead of sharp corners.
Beceause of the favorable pressure gradient in the expansion
part of the nozzle, however, the flow will probably follow
the nozzle wall for all values of ag permitted by the theory.
Satisfactory flow around sharp corners is also likely for the
sAme reason.

A sample caleulation 1s given in table TIT of all the design
parameters and typical wall coordinates for (wo nozzles
having a final Mach number of A/=13.50 and a final width of
10 inches. One nozzle has an initial expansion part consisting
of one turn about a sharp corner and belongs to the class of
shortest nozzles. The other nozzle has an initial turning
part consisting of two turns about sharp corners and
contains a straight-walled part.

No account was taken of the effect of boundarv-layver
growth on the walls on the nozzle flow, If the proper dis-
tribution of boundary-layer displacement thickness is
known, the local Y coordinates obtained by the equations
of this report should be inereased by this boundary-layer
thickness. It 1s important to correct the shape of the
straight-walled part of the nozzle for the boundary layer in
order to avoid the emission of uncompensated compression
waves that may produce a shock front somewhere in the
flow.

Fricar Proruvision ReEseEarcH LABORATORY,
NatioNaL Apvisory COMMITTEE FOR AERONAUTICS,
CrevELAND, OHI0, June 1, 1948.



: ' APPENDIX A

SYMBOLS
The following symbols are used in this report and are | X, distance of downstream end of nozzle from ap-
illustrated in the figures: | parent source
A arca. normal to flow direction (Beeause unit A distance of section I-17 from apparent source
depth is assumed at all nozzle sections, the | r,y coordinates of characteristic
area at any scction is numerically equal to @ inclination of nozzle wall to nozzle axis
the width of that section.) ap maximum inelination of nozzle wall to nozzle

A4 source-flow area normal to flow direction at
geetion where M=1 (ecquivalent throat area)

Ay area normal to flow direetion in expansive turn
around corner

A, cross-seetional area of nozzle bearing uniform
flow at M, (nozzle exit)

A, source-flow area normal to flow lines at radial
distance r from apparent source

1, nozzle-throat area

y

adial distances from “corner” 1o streamline
representing adjacent nozzle wall (See figs. 11

b, by, by, b,

to 14.)

D displacement

d,dy, dy, d, rvadial distances from “corner” to streamline
representing remote nozzle wall (See figs. 11
to 14.)

L length of supersonic part of nozzle

L, length of initial expansion part

{ distance along characteristic from nozzle wall
to limiting characteristic (V_),, (¥,)p, or
(V)

M Mach number

M, Mach number of flow at circular-are section
E-E’

A, final Mach number of nozzle flow

M, Mach number of flow at section [-17

M, Mach number of flow at first hall of initial ex-
pansion part

M, Mach number of flow at civcular-are section
bearing source flow at distance » from source

Al Mach number of flow at cireular-are seetion
S-5f

r radial distance along streamline or nozzle axis
from apparent source

| radial distance between apparent source and
cireular-are section at which sonie velocity
(M =1) exists in source flow

ry radial distance of circular-are section E-E7 from
apparent source

ry radial distance between apparent source and
location of point on axis where M, is first
attained

r distance along nozzle axis from apparent source
O to (W), or (¥ ),

s radial distance of circular-are section S-S’ from
apparent source

wy width of section |-}’

NY nozzle-wall coordinates

X, Y nozzle-wall coordinates of initial expansion part
opposite first corner

Xo, Y, nozzle-wall coordinates of initial expansion part

opposite second corner

axis (corresponds to wall inclination between
cireular-are sections E-E7 and $S-S7)

B Machangle (3=sin"! 1), angle between stream-
line and Mach line or characteristic

B, Mach angle in final uniform nozzle flow

8, Mach angle at section -1’

B. Mach angle at first half of initial turning part

v ratio of specific heats

¢ angle between characteristies hounding zone of
expansion waves [rom corner C

0 angle of inclination of streamline to nozzle axis

Our one-half  included angle  between  boundary

streamlines of source flow (maximum pos-
sible 8 In source flow)

\ :\/H‘l

v—I1

£ angle between downstream characteristie through
corner C, and section I-17

NG equivalent Prandtl-Meyer turning angle

(W) characteristic originating at upper nozzle wall

(¥.) characteristic originating at lower nozzle wall

v, value of ¥ at nozzle exit

W, value of ¥ at section |-[7

Points along the nozzle wall or in the flow are designated
by letters; letters for points along the lower nozzle wall are
primed. Sections (cross seetions through the two-dimensional
flow, which are therefore only lines) are designated by the
two letters ending the lines. Point-designation letters are in
some places used as subscripts for clarity. Zones (region of
different kinds of flow) are designated by Roman numerals;
parts of the nozzle, which, like the zones, have two dimen-
sions, are called by name.  The following location letters are
used:

C corner in nozzle wall bounding sonic or supersonic flow
c’ corner in lower nozzle wall corresponding to C
E point on upper nozzle wall at circular-are section at

which source flow is first established across entire
channel of nozzle

E’ point on lower nozzle wall corresponding to £
I point on upper nozzle wall representing downstream

boundary of initial expansion part

1’ point on lower nozzle wall corresponding to |

O apparent source

S point on upper nozzle wall at last civeular-are section
at which source flow exists across entire nozzle
channel

S’ point on lower nozzle wall corresponding to S

Other capital letters are used to designate arbitrarily chosen
points and as subscripts referring to those points; a, b, ¢, and
d arc used as subscripts in appendix B to indicate hypo-
thetical values.

15



APPENDIX B

METHOD OF CHARACTERISTICS IN NOZZLE DESIGN

EXPANSION WAVES GENERATED AT CHANNEL WALLS

The form of the method of characteristies found most
convenient for designing  two-dimensional nozzles is de-
seribed.  Irrotational flows with total temperature and total
pressure constant throughout the field are considered.

The starting pomt taken in setting up the method of
characteristies used 1s conveniently discussed in terms of a
uniform two-dimensional sonic or supersonic flow turning
around a sharp corner of a wall along which the flow passes
(fig. 18 (u)). The streamlines are turned about the corner
with mnercasing Mach number, as at C; and C,, in wedge-
shaped zones BC,D and EC.F, in which the statiec pressure
decreases and the velocity inereases in the direction of the
flow. Such zones of decreasing pressure and inereasing
velocity are called expansion waves.  Along radial lines
through C, and C, the veloeity, pressure, density, tempera-
ture, flow Mach number, and flow direction are constant.
These radial lines are Mach lines that make the Mach angle

. . . .o 1
with the local flow direction g=sin ‘7‘[ Downstream of

the bounding Mach line C,D, the flow is uniform and parallel
to wall C,C,. At the corner in the wall at C,, the second
wedge-shaped zone has a Mach line C.E as the upstream
boundary, which makes the same Mach angle 8 with the
flow as does the Mach line C,D because the {low between
these two lines 1s untform.

As the length of wall C,C, has no effect on the direction
and Mach number of the flow at line C,E, the point C, could
be made coincident with C, without altering the flow at
C,F. The change in Mach number and direction of the flow
can therefore be considered to be a function only of the
angle through which the flow is turned.  Any stream tube
having a supersonic Mach number can be considered to have
come from a sonic flow (M/=1) turned about a corner of
angle ¥.  The expression relating the flow Maeh number
and corresponding  turning angle (reference 2) 1s, in the
notation of this paper,
MR-

v ==X tan N

— tan"'y MFP—1 B

Beeause the Mach number of the flow is constant along
Mach lines radiating from C; and C,, each Mach line is
assigned a value of ¥ equal to the turning of the sonie flow
required to give the corresponding Mach number. It is
convenient to subseript these values of ¥ as (W ) to indieate
that the flow is deviated in a clockwise direction from the
direction of the flow at sonic speed when erossing the Mach
line originating at C, or Co. A Mach line to which a value
of ¥ has been assigned will be ealled a characteristiec,.  The
angular turning of the flow produced by an expansion wave
1s equal to the difference in the values of ¥ of the character-
istics bounding the wave.  When the wall curves uniformly
from C, to C,, as in figure 18 (b), at each point in the wall
the turning of differential angle ¥ is considered to take place,

16

The wedge-shaped zone through each turn d¥ has a differ-
ential vertex angle at the wall and is simply represented by
a single Mach line.  The corresponding system of character-
tsties has the form shown in figure 18 (b).  The flow across
cach characteristic is parallel to the flow at that point on the
wall at which the characteristic originates.

If, after the turning of a sonie flow about a corner in wall A
(fig. 18 (¢)), a corner in wall B is encountered, the flow
deviates in a counterclockwise direction around the corner
in wall B.  The change in Maeh number of the flow due to
the turn about wall B is the sume as a similar turn around
wall A with an initial Mach number equal (o the value in

zone 1. If eharacteristies originating from wall B are
2]
D
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{a) Turning of xonic flow about two corners in wall.
(b) ‘Turning of sonic flow about stoathly euryed wall.
(¢) Uniform supersonie low about corners in (wo walls,

FlaUre 18, Schematic representation of effect of tunnel-wall confienration ot expansion
waves and streamlines,
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numbered according to the total counterclockwise angular
deviation experienced by the flow arriving at the character-
istics and indicated by (¥, then the total turning exper-
ienced by the flow going from the sonic zone to point P
(fig. 18 (¢)), for example, is

_ \“11‘12*1

N tan='y/ AA—1

B2)

V=V,4+¥,= V), + (F_),=x tan

The net counterclockwise angular deviation of the flow
along C,P from the flow direction in the sonie zone is

0: (\I’-i-) T (\I/~)a (B:;)

The values of the (¥;) and (¥-) characteristies downstream
of point P are the same as at point P beeause no additional
turning of the flow occurs downstream of CyP.

Every point in a supersonic {low is crossed by two Mach
lines making the Mach angle 8 with the flow direction.
Because the characteristies are Mach lines numbered accord-
ing to the convention just established, to every point in the
supersonic flow a (W) and a (\W_) characteristic correspond.
If the values of (W) and (¥_) are known at a point in the
flow, the Mach number and the direction are given by
equations (B2) and (B3).

The value of (¥,) assigned to a characteristic is unaltered
by its intersection with the characteristios of the (¥.) set
or vice versa.  T'wo characteristies of the (W_) set are shown
intersecting the two characteristies of the (W.) set in fig-
ure 18 (d).  Three parallel streamlines, which may be consid-
cred to be elements of a supersonie stream tube are flowing
across the characteristies.  Streamline 1 is first given a
counterclockwise deviation in flow path equal to (¥),—
(¥,), in crossing the (V) set of characteristies. [t con-
tinues in a straight line until it interseets the set of (¥)
characteristics, which give it a clockwise deviation in flow
path equal to (¥ ).— (¥ ).. The net deflection in path in
the counterclockwise direction 1s [(W,),—(F ) —[(V_ ) —
(W_.),]. Streamline 3 intercepts the (V) set of charaeter-
isties first and is deflected in a elockwise direction by an
amount (¥_).— (¥ ),. T continues in a straight line until
it intercepts the (W) set of characteristies, which defleet it
in a counterclockwise direction an amount (), — (¥ ),.
The net defleetion of streamline 3 in the counterclockwise
direction is [(W ) —(F )] —[(¥ ).— (¥ )], the same as
for streamline 1. The total turning AV experienced by
both streamlines 1 and 3 in crossing both sets of character-
istics is the same and is equal to [(FL),— (V)] [(V_)—
(¥_),]. If streamlines 1 and 3 had the same Mach number
and flow dircetion before intercepting the (V) and (¥ )
set of characteristies, they would have the same new Mach
number and new flow direetion after erossing the charac-
teristics.  The stream-tube width has also inercased to a
-alue corresponding 1o the higher Mach number of flow
Streamline 2 crosses both
Euach set of charac-

after crossing the characteristies.
scts of characteristies simultancously.

Streamiine
/

fd

LLLLLLLLLL L

Streamline
adjacert
to wall----/

{dy Flow throngh intersecting systems of eharacteristies.
{er Expansion wave of ¥_ set ineident on straight wall,

FloUere 1% Continoed. Schontatie representation of etfect of tunnel-wall conliguration on
expansion waves and streamlines.

teristies produces its turning of the flow independently of
the other.  The streamline assumes the resultant direetion
due to the simultancous clockwise and counterclockwise
turning of the flow. The final-flow direction and Mach
number at P is the same as for streamlines 1 and 3 after
passing through both sets of characteristies.

CHARACTERISTICS INCIDENT ON CHANNEL WALL

Only flows that do not separate from the confining channel
walls are considered in this report.  Consider two charac-
teristies of the (V) set, having values (¥ ), and (¥ ),
incident on the straight channel wall shown in figure 18 (e).
The streamlines move along the wall instead of following
the dotted path under the influence of expansion waves
contained between the () characteristies because an ex-
pansion wave belonging to the (W) set arises at the wall
between points A and B that eancels the tendeney of the
flow to deviate from the wall.  That is,

AQF )= (F_) = (¥ )= A(W) = (W)e— (V) (B
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If, between points A and B, the wall curves (as in
fig. 1R (f)) an amount Aeq, then the expansion wave of the
(W) set must exceed that of the ineident (¥ ) set by an
amount Aa or

AW = (V) e— (V) =AW ) FAa= (V¥ ),— (¥_), 4 da
(B5)

If between points A and B (flig. 18 () the wall curves in
the direction of the streamline along the wall under the

Fiarre 185, Concluded. S(.h::x\'x[l)z;x\triyzi:;(1,11)\';\"‘:'\1'11}::::liu(r)]ns(t’:“ll(:.\rxill‘](iiiu(»;(.mnmq.wun configuration on
influence of the wave of the (¥.) set ounly, then the flow
adjacent to the wall follows the wall without requiring the
compensating expansion wave of the (¥,) set. In this case
no wave of the (¥,) set is generated. The fact that waves
emanating from a channel wall can be suppressed by curving
the wall to the shape of the adjacent streamline under the
influence of the incident expansion waves represents the
basis of the method for designing supersonic nozzles used in
this report.

The characteristics arising at a wall about which a two-
dimensional flow is turned are straight as long as the flow
responds (o waves from only one wall.  The deviation of the
flow produced by an interseeting syvstem of waves results in
curved characteristies beeause the characteristies must make

| the Mach angle 8 everywhere with the flow direction.



APPENDIX C
DERIVATION OF EXPRESSION FOR MAXIMUM INITIAL EXPANSION ANGLE

In the discussion in appendix B of the expansive turning
of a supersonic flow about a continuously curved wall
(fig. 18 (b)), characteristies having a finite differencein turning
angle were shown to have a finite distance of separation at
the wall. If D) be a displacement in the direction of the
flow at the wall then

D
a0 €1

In the limiting case of a sharp expansive turn (finite angle)
at the wall, all characteristies in the corresponding wedge-
shaped expansion wave originate at the sharp corner
(fig. 18 (2)). The flow adjacent to the wall undergoes an abrupt
finite inerease in Mach number in crossing the wedge-shaped
expansion wave at its vertex where the wave width <) in
the direction of the flow is vanishingly small. In this case

dD

arr =0 (€2)

The condition expressed by equation (C2) represents a limit-

. dD . . S
ing value of dM because no expansive turn in a wall will give
4

. dD . o
negative values fm'dw in the absence of waves incident upon
A

the walls.
In the expansion part of the nozzles considered, no waves
are incident upon the nozzle walls.  Thercfore the condition

that g‘{)[ >0 applics.

When a value of ¥, or M, is chosen too low for the maxi-

k4

mum wall-expansion angle a, employed, then -5, becomes
S dM

negative in the neighborhood of section I-1” where =0.  For
the limiting condition
dX .
a0 ©3)
where .V is the coordinate of the wall parallel to the nozzle
axis (direction of flow at section {-1” where a=0).

In order to obtain the allowable values of ¥; and ag, as
governed by equation ((3), the expression for X must be
differentiated with respecet to M and set equal to 0 at scction
[-17, where =0, M=M,, and r=r,.

The expression for .X for the expansion part of the nozzle
is given by equation (13)

X=r cos 6—Mr(ag—8) cos (3—86) (C4)
and
dX 00X dr 00X dé ,0X dB , 0X

dM " or dM T o8 dTog dartaar—0 (€D

From the values of the parameters at section 1-17, the terms
in equation (C5) are obtained: From equation (1), with
v=1.40,

o (B
M\ 6

dr )—%JF 2 5+MZY o
M [( ) ( M‘-’] (6)

Substituting for r, the expression preceding equation (C6)

yields for section [-17

dr 5(MPA—1)

AM T M (5N €7
and
%}ﬁ(()s 6—M(ag—8) cos (8—0)
Because §=0 and M=M,,
aa‘}:l—ﬂ[ag cos 8
oX e
a];:l_ \”A’[[Z—l ag (CS)

From cequation (11d), with y=1.40,

-1 Vl‘?\,lz;
A
do M 1
M/ M:i— R VNS VR
dM (1 + ‘[)\2 1)\5“42_1 J[\/M2 1

5(M—1)

0
=¥ —¥,=\ tan —tan™! vﬂ[?—l—\lf,

= B C
MG+ M VM1 (©9)
and
0X . .
op = sin 6-+Mr [cos (B—6) — (ag—6) sin (3—6)]

Therefore, for =0

o.X

6 =TIy ( \“/]T[Ji:I—aE)

{C10)
By definition
B=sin"! 1 (C11)
= M !
dg 1

M~ M , Vﬁj\'][’z"_' 1
19
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From equation (('4)

A
o8

which becomes at seetion 1-17

.Y

=Mr(ay—0) sin (8—0)
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Substituting equations (C7) to (('13) in equation (C5) and
solving for ag yield equation (14):

(M =1y
0.611,!

ap—
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TABLE I VALUES OF 8, ¥, r/ri. AND didy, FOR FINED INTERVALS OF M

Dp’ o
Also
AV
— —r{ag—0 cos (B—0
which gives, for 6=0
- ! "
o.\ \ A[,“‘ 1
oM T M,
” i I
1 2 3 4 H ‘ 1
dag g
F— .

M, My, 8 vy Apdy o o DMLM
Y} ! M : Y !
M, «leg) (der) A‘f’ T by dy { My

A i
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o2 R3S 10003 10203 2,02
1.0% 74,058 10013 (InE 2,04
1,06 630 1. 0029 103t 2,06
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114 B 306 10153 1. 1574 214
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1.2 1. 0581 1.: 2,28
1. 1. 0663 13 2,30
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1.6 P L266R 2.0519 2062
I [ L35 264

LG fL300 2,66
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1.7 1. 3567 |2
1. 1. 3764 LT
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1.5 1.4 2.8
[. 1. 4610 i 2.8y
1.8 32 14836 [
. 32 15069 2,86
. 32, 1.8 ! 288
1.4 : 1. 2, 9550 2,90
1.4 : S 30343 292
L. 3. * b 311460 2,94
L. vt 300677 ; 1.6 B LULY] 2,96
1.8 30. 335 CLET 3. 2863 208

2

8
(deg)

‘ 3
Wy,
Wt

L (deg)

4 5 | 1 2 3 4 ' 5

2acy 10y ., Q.a—ﬂ,.uv"
4, dy hod M, My, 8 \i “';' Ay dy hod
: [P fiy dy M; (deg) ((If(-g) Af r [
' ;1,'71 Ao

1. 3.3750 4. 2346 127037
1. 34663 | 4.3160 13,0343
1. 3. 4.3489 13,3728
. 3 4. 4835 13,7194
1. 3. 4. 56Y6 14,0743
1. 3 4.6573 14. 4377
1. 3. 4.7467 14.80U6
1.4 4. 4.8377 15, 1903
1.4 4. 49304 15. KO0
1.t 4. 5. 0248 15. 4789
2 i, 5.1210 16. 3871
2, 4. 5. 2189 16. R4S
2, 4.6541 5, 3186 17. 2321
2, 4.7807 5.4201 17. 6604
2, 49107 5. 5234 18, 1168
2, 50442 i :3 ‘5';33
- n o1t q, 7
3. ot 10, 5216
2. 20,0114
2. 20, 5123
2. : 21,0246
2. : 21. 5484
2, 22, 0840
2.0 226316
2, 23,1914
2.8 23. 7637
> | 24,3486

24. 9466
25, 5577

2. 26, 1822
) \ ! 26, 8204
2. i 274725

i 28, 1388
; ‘ 2%, K196

"

14, 627

14562 |

1. 3420
HIRN

41. 9044




EQUATIONS FOR THE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES

TABLE I--VALUES OF g, ¥, r/r;, AND d/d, FOR FINED INTERVALS OF M—Concluded

1 2 3 4 ] ‘ L 2 3 4 5 1 2 3 : 4 A

20 p iy 20y wy 20ty My
r r——=1 ¥, ¥, g
A, My, 8 o Ay b M, My, 8 MA A, bod a1 My 8 \p,—fa Acd b
/ . 1~ bl A, - 4 ) by M deg A, b by d
Ay (deg) (dem ,1,-! T by dy I {deg) (leg) _1,7 T e do ? (deg) (o f! - o dy
A1y A A

00 7.181 . 6 190, 14
05 7. 136 Y5. 832 | 195597
10 7.092 06. 033 201,215
15 7.048 96, 234 206. 964
20 7.005 96,431 1 212,846
. 962 96.625 218 865
. 920 96. 821

FEXEEEETEEEEE
3
%

50 50

55 55 55 717 0
6';] 60 .60 677 265, 014 2270.12
; 55 8. 65 639 272,211 2354.63
(111 6H5 o
T 8. 70

70 0 oL
7a 75 'R ;
80 ' X0 & l)
%A i "5 . 85

) : X80

e e e e e e e e
T

ol R o R = Y N e R T

b b e e Pt B e e e b b Eu e bl e s T it e
Ed
SIS N S S M M I M N S M X X XL L L L L LA L L ST LXASELLTE
[ T 1 C oy t -1 E -

5.
Y.
4y 05
5.05 05 3%
5.10 10 o
515 15 b
5.20 ‘ 20 o 28
525 25 Q.30
A0 9,15
35 9. 40
40 9.45
45 9. 50
f0 955
55 g,
60 9. 65
| s 970
i 70 9.75
o 9. 80
KO 9. 85
85 9.90 |
9. 507 a0 . 9.95 |
51, 31N 95 95,417 181 744 1408, 72 1000

TABLE II—VALUES OF M, B, v/r,, d/dy, FOR FIXED INTERVALES OF v

{Values obtained by interpolation from fable 1]

| | : '
1 : | 3 TR } 1 2 3 4 5 PR 3 N 5
r?ah. Wy | VZaE wy i . 2, wy
vy, _ A o MAGEE P) A0dy o vy, 8 TA 4| e
V,—-8 M, M, (o) Y A ] M, M; (deg) i b d V-8 M, M; PP
(deg) aee A rr el e aee ‘l’, L b % {deg) (deg) "1". I ‘o o
i Aen A ; A
0 L0000 90,000 1. 000 1. 0000 13,5 1. 1.2146 1. RN77 27.0 2022 | 1. 7108 34785
.5 1. 0504 72,272 10021 1. 0627 14.0 1. 1.2274 1. 9282 275 2, 0409 | 1. 7484 30643
1.0 10817 1 87587 1. 0053 1. 0875 14.5 1. 1. 2406 1. 9698 25,0 2,0692 | 1.7738 3. 8526
1.5 L1082 | 64.49% 1 10003 1. 1186 ; 15.0 1. : 1.2541 2.0126 .5 20777 | 1. %021
2.0 L1251 62032 OIS 1. LA 1. Lo 2. 0562 29,0 20064 18312
2.5 1. 1552 59, 970 1. 0187 1. 16,0 | I 2.1011 29,5 21151 1. 8611 3.
3.0 1. 1768 1. 0240 1. 16.H 1 ! 1. 2. 1474 30.0 2.1339 1LROIR 4,
SR 1. 10297 1, 17.0 1. 1.0 21947 30,5 21529 o2 4.
4.0 1. 1. 0359 1.z 17.5 1.6 1 2.2433 31,0 21719 1.9568 & 4.2
4.5 1. 1.0424 1. 15,0 1.7 1.3 22,2082 K10 2,191 1.¢ 4.
5.0 1. 1. 0491 I 18,5 1.7 1. 2.2103 20236 4
55 12 1. 0563 1 19,0 1.7 1. 22207 2. ()5HR 4
6.0 1 1, 0637 1.: ; 19.5 1. 1. 2, 2493 2.0952 4.7
; 1 10715 1. 12000 17750 1. 2. 2600 2. 1326 4.
1,35 1. 07496 1. 0.5 1.7922 1. 2, 2888 21711 4.4
! 1. OR80 [ 21,0 1. %095 1. 2. 30NT 2.2106 5.
1.3 1. 0468 L 21,5 1. 8268 1. 2. 3288 2.2513 5.
1.: 1. 1058 i 22.0 1. 8443 1. 2. 3490 22,2933 5.
1. 1. 1152 1.4 22,5 1. 8618 1. 2.3693 2 5.
1. 1. 1249 1. 23.0 1. 87493 1.7 2. 3898 2.8 5.
1. 1. 1350 1.6 23,5 1. 8470 1. 2. 410h 2. 4266
1. 1.1454 1, 64332 24.0 1. 9146 1. 2.4313 . 2477 ;
1. 1. 155% 1. 6UR2 24.5 1 1. 2.4523 . 24,066 25222
1. 1. 1669 1. 7340 25.0 1. 1.6 2.4734 23, 847 2.58723
1. 11784 17713 25,8 1.4 1. 2. 4947 23, 631 2. 8238
1 1. 1900 1. 8041 26,00 1.8 1. : 25162 23418 26769
1. i 1.2021 1, 8479 ) 26,0 2.0044 29,929 1. i 3.3950 0.0 225378 | 23,206 27317
i i ! ' '
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TABLE [1I- SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER M, OF 3.50 AND
FINAL NOZZLLE WIDTIH OF 10 INCHIES
|=2vmbolx defined in appendix A}

(a) Design parameters

. Shoriest nozzle !t Nozzle with straight-walled part ?
Eaqua- - T - - o - . ’ . T T ST
Equation 1:\]:::: Rouree of computed vatue Source of computed value '
ber -— . - b Value - - T — - - Value
i ‘Table | Figure Computation i Tahle 1 Figare } Computation
| . T SO . [ . T
2ty : \
H,t’,f,‘_\l.l 2y 1) : ] !
BTERRN B b ocol 4, My=3.50 : . 7RO6 L col 4, My=3.50 B, TH06
Ay AYa y+1 ¢
T2 ‘ :
i e i R _l_ ~ox i | 1 - 7 )
A (fi})“f i i reell 1.472% in. 1 g <10 1.4728 in.
dn do=.1; (numerically) ! 14728 in. | 14728 in,
v | B e 1, col. 5, My=3.50 R
¥r 6(b)AM =350 : 9. 8° ag given (15.000°) . (1.}(1.!)”;2,[‘(()1;”
L Rar convenionee) o 1 om0 (i s 5. on-
{ (For convenience) 10, 000 M, =1.222 (fig. ¥) venienee
o 7 - S 58.530°— 10 000° | 94 265° 215] o o
o 1‘ Loe , 8. 5 N (XN 24_2‘»51‘3(()‘\“ 0.4235 I, %, Mi=1 222 8, M7 15.000° given
My o i [’, (’V(;I.E, V\l’ ;;lrpi S R 1. 4350 o i, col. 2, wr=5.000° | D o 71?2564
B8 I, enl. 3, ¥;=10.0° i 44. 180° i, col. 3, ¥=5.000° 52.745°
Vi ¥itag 2004 ¢ 10, 000° 424, 265° 34, 265° L 50007+ 15, 000° 20, 0°
Mg 1L ol 2, \Puiiﬂ.mi’)"‘ I1, col. 2, W g = 20.000° 15750
ve | v —oar 201 | ‘ } 0°—15.000° | 44, 530°
Ms | | \ i 1, col. 3, Wa=43.530° 2. 695K
i A } ; 1.4728 ‘ ) 14728 ' o
! el ! i - 1. 738! 281
| " pop 1h 20, 42350 ' ns 20, 261850 R
! ‘ o - e : e
(h) Typical coordinates of expansion part (M =1. 600}
| . N S N . N
‘ Shortest nozzle 1 Nozzle with straight-walled part 2 :
| l‘]!lum-l I S - . - o - Ttomes ot {
FEquation ”tll:;::_ Source of computed value Nouree of computed value
| ber | —- - T s s -— Value St ot — - - - Value
; i .
j i : Table ‘ Computation Tuble Compuiation :
. P R _ .. R e e - C - R - - .-

RY) Mi<MLS Ay ; ! 1.4350< M <2.2003 (Value chosen) 1.222< M <1.775 (Value chosen) 1. 600
. CoLeols | - | S L w
oY PoAr=160 i 14, %60°
Lo Y-y [ 11a 14, 860° — 10.000° 14. 860°—5. 000° 9. B60°

. [ . : _ N A - e B T P

r ‘ | 1, col 4, | 9500 ()
bon | | 3=160 t 1. 2502 Ry 1oz |

i - - T . o - T, o N - . . T Tt T N -
r i ,r[ rn ‘ l 1. 25021, 7488 2. 1738 in. 1.2502 X281 2K 3.5166 in.
| ! '
- 1, col. 2 24 ARO° I, col. 2 4 0
1 , .l 38, ’ 4 B 2
s STty NI=160 l 8. 652 NI=106h 8. K
i - T T - o o e R vl!l, 4le:;17°777 o ) L .- - 'n 14°
- | 1 o _ o
ar—f ! 1 ‘ 33808 radl. 16, 007 4. 860 08971 rad
8—4 } 3. G82°— 4. K60° 28, §22°

v reos 0—Mr (ag—8) | 13 21738 cox 4.860— 1.4 X 2.1748X . 33868 cos 1187 in 351 cos RO0—1.4 X 3.51¢ 34022 in.

: cos (B—&) [ 3. K22 A COS 28, K22

3y rosin 6+ Mr (ag—6) ! 13a | 21738 sin 48604 16X 21738 X 23868 sin ! 0.540 in 3.5166 sin 9.8604-1.6X3. 5160 08971 0.546 in.

sin (8—8) Lo t 33.822 : : Sin 28, 822 i
ISR R T ]
(¢) Length of straight-walled part (equation (20) )
rs T4 ‘
[ P i - N1
i 2ag : ‘
rg
. TR i 1, col. 4, | o
Ae | " a ’ My=1715 [ Las
2a R T - o T o
rs _re\ <l L i 1‘
rs—TE (‘1, A ) 2ag : i (3. 1706—1.4123) X 2. 8128 T4556 i,
'
2ap 2R, l i :

! No straight-walled part; initial expansion aceomplished by 1 turn about sharp corner. .
2 wtraight-walled part with ag of 15,0007 initial expansion accomplished by 2 turns in suceession about sharp corner at each wall,



EQUATIONS FOR THE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES 23

TABLE IIT—- SAMPLE DESIGN O TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINAL MACH NUMBER M, OF 350 AND
FINAL NOZZLE WIDTH OF 10 INCHIS— Continued

) Py pical coordinate of straightening parl (A =2.80)

‘ ‘ shortest nozzle ! i Nozzle with straight-walled part 2
| :
‘El‘m:l- - - T ‘- B
Equation l::;::: Source of computed value 1 i Source of computed value i
ber o Value [T T - ! Vialue
Table ‘ Computation ' Table Computition
| . . > (ORK .
. A=A g 22003 < M <350 . 2.605% < M <350 .
M MsSM<M. 1 (Value chosen) 2800 {Value chosen) 20
¥ : 1""'15";;,"': ‘ NI 1"'”'2-_':;,-”: AT
8 Ve—¥ 164 AN,530° —45.746° 12.7%4° : 5N.530° —45,746° | 12.7%4°
r I,eol. 4, M= ar Ieol.4, M= i .
n e 35001 SN I 35001
r (;) r 35001 X T 7388 60860 in. 35001 X 28128 198451 n.
1
- - N - - I
8 L col, 2, M= w25 Lol 2 A= 20,425
- o4 R 1e a 11.4K1° 5 o g0 292160
ar—f 242657 — 12084 0.2003 rad. 150007 —12.784 0.0387 Tad.
) t;+8 B 20092594 12.784° 33.708° 20.925° 4+ 12,784° 33.709°
\: f rcos 8+ Mr (ax—8) 18 H.O860 Cox T2 7844 2.8 X 608600, 2008 U.8451 cos 12.7R44-2.8X9.8451 X)L U387 10,489 in
< : cos (8+6) cos H3.70Y cos 33.709 v A
. rsinebMr (ag—0) |08 sin 1278442 86080 X0, 2003 4oulin YRISL S I2TSHEZRXORIDICOONT | yony
i | sin (048 ) | sin 33,709 - . sin 33.709 . .
l |
(¢Y Pypical coordinates of initial expansion part
| ‘ Shortest nozele with single initial turn; ¥(=10.000° ! : Nozzle with straight-walled part and double initial turn; ¥1=>5.000° 2
| Equa- - : - — - s e - - - - R
i |
i Equation ‘:l':;;:_ i Rouree of computed value : SRource of compuied value ‘
| ber B - - Value ; : G T T T T s e Value
{ Table Computation ‘ Table Computation |
|
. I o \ |
First turn
o , ) T | o |
¥ ‘ | 5000 ‘ 2.500°
2 2
v | e A
Hin ; Vo —2.5° 1 1552
Af I<M<MLIKMLA, T<M <4350 (Value chosen) : 12418 1<AI<1.1552 (Value chosen) . 11400
, (ol 2 Ioorame
) Leols, | ) - 1 e 1. col. 3, S e
¥ Ar=124 570 Lo |
B+ —W 53751410000 —4 59.181° i ‘

- ol _ — — I : . . — -
d+qf;'“\l' ‘ ! 61,3004 2.500—2.160 16469
SV o S O o i e e e

y 1 1, col 5, L I, col. 3, “
o ‘ ‘ N1t 4 1.2636 =114 1.1574
—_— — — - ; - - _— - - - N - -

dy »Z‘ du | ‘ 12036 1,47 2% } 1.9052 in, LIST4X1.472% L7045 in.
0 i
X, ) dy cos (B+¥1—¥) ! 2 1.9052 eas 59,181 L 0497H in, ‘ . 1.7046 cos 61.646 0.810 in.
Yy 4 sin @+¥r—¥) | b | 1.9052 sin 59,181 Lo in. | ‘ 1.7046 sin 61,646 1,500 i
I o : | N
Secomd turn
YA AL <M<M; ‘ \ : D LIB52<AM<1.2664 (Value chosen) | 1.2200
8 ‘ i Lol 2 Loosane2e
v ‘ | ‘ I, (El, ‘E; 4.057°
el ‘ ’ 55.0524-5.000—4.057 55.095°
o (i-a B ‘ 1, col. 5, R
2 . 1.2646
i ! M=12

h | \ 1.2646 X 1.4728 1.8625 in.
T x drcos BHYI—¥) - i ‘ 1.8625 cos 55.995 C 042 in.
n Ay sin (B4 —¥) | [ 18625 sin 35,995 1544 in,

I - o b . [ . . I

1 No straight-walled part; initial expansion accomplished hy 1 turn about sharp corner,
2 Btraight-walled part with ex of 15.000°; initial expansion accomplished by 2 turns in succession whout sharp corner at each wall.
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TABLE HI—SAMPLE DESIGN OF TWO-DIMENSIONAL SUPERSONIC NOZZLES FOR FINATL MACH NUMBER M, OF 3.50 AND
FINAL NOZZLE WIDTH OF 10 INCHES—Concluded

(1) Nozzle length

Shortest nozzle Nozzie with straight-walled part 2 ‘
Fqua- :
F.quation I:lll';::_ Souree of computed value Saurce of computed value ;
her : co- Value Value ,
Table { Computation Table { Computition |
- — ;
1 Expansion, straight-walled, and straightening part
i
! | T
; 166022 11, 0l 2, I 166027
! Mo=3.50 |
: e I,eol. 4, ¢ RS 1, col. 4, R~
o A=3.50 -7 AMr=id.50 .
re —:f e 6. 7806 X 1 THNK TR0 . | BTN X218 19.09% in. |
t
re : I col 4, | ; 1, ol 1, 019
r ‘ | Yy =10,000° L1350 Y= 5.000° 104l
_ i - R
ry f ’;1 re ‘ LA3MIX LT3N8 1.9735 in. 10491 X2 N12R 24504 in.
H
Xy re{l+Mray cos 81 241 ! 11,806 (143504285 vos 16.602) i 29,676 in. L9098 (143.5X10,2618 cos 16.612) BH.86% in.
R RN o - T . !
AV ' ryil—Mag vos 81} | 24b ‘ 19735 (1— 14350 X0.4235 cos 44.180) 1.113 in. 29509 (1—1.2564 X{L2618 cox H2.745) 2,363 in.
Intial expansion part ;
J— —— - i . - } i
Bi—¥; 44,180 — 10,000 34,180
L. dycot (Br—¥p) He 14725 cot 34.18) 2,169 i
. . IR . . . i
I, col. 3, co g
Ba w!,:‘z(:(').’l.mmh LA
Ba— Y1 AU — 2,50 A7ATY
2
Ry rr ‘ i V44 =~ Fqr !
wy 1'411=}—‘41, i 11491 1.472% 1.5451
v : - 7 7 i
d cot (B~ _)')+ i | 1.472X cot 57.470 R \
Le : : 15451 cot 52744 E
wy cot 8
L } Xe—-X)+1. i 2ROHTH— 111342169 29,642 i 30868 — 2363+ 2,114 RERIED |

U Na straight-walled part; initial expansion accomplished by | turn about sharp corner.
2 Rtrajeht-walled part with ag of 15.000%; initial expansion accomplished by 2 turns in suceession about sharp corner at each wall.
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Positive directions of axes and angles (forces and moments) are shown by arrows

Axis Moment about axis Angle Velocities
Force
&ara!k)el Linear
. . Sym- AXi5 . . Sym- Positive Designa- {Sym-| (compo-
Designation bol |8¥ mbol | Designation gol direction tiogn bol |nent along Angular
axis)
Longitudinal.._..___ X X Rolling_______ L Y—bZ Roll .. _..._. ¢ u P
Lateral .....___..__.| Y Y Pitching _____ M Z—X Pitch __._ __ 9 v q
Normal..__..__.____. Zz Z Yawing. .. N X—Y Yaw ______ ¥ w r
Absolute coefficients of moment Angle of set of control surface (relative to neutral
L M N position), 5. (Indicate surface by proper subscript.)
Ci=—% On=—4 Ch="5g
gbS " geS qbsS
(rolling) (pitching) (yawing)
4. PROPELLER SYMBOLS
D Diameter . P
P Geometric pitch P Power, absolute coefficient C’p—pn,D,
p/D  Pitch ratio 5o VB

v’ Inflow velocity C, Speed-power coefficient

V, Slipstream velocity

~\Pa?
7 Efficiency
Revolutions per second, rps

3

. T
T Thrust, absolute coefficient 0T=1W‘

. Q ) Effective helix angleztan—!<l_)
Q Torque, absolute coefficient C",=Wﬁ5 Serm

5. NUMERICAL RELATIONS

1 hp=-76.04 kg-m/s=550 ft-lb/sec 1 1b=0.4536 kg
1 metric horsepower=0.9863 hp 1 kg=2.2046 lb
1 mph=0.4470 mps 1 mi=1,609.35 m==5,280 ft
1 mps=2.2369 mph 1 m=3.2808 ft
25
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